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Beam Physics with Intense Space Charge

Instructors: John Barnard and Steven Lund, Lawrence Livermore National Laboratory

Purpose and Audience

The purpose of this course is to provide a comprehensive introduction to the physics of beams with intense
space charge. This course is suitable for graduate students and researchers interested in accelerator systems
that require sufficient high intensity where mutual particle interactions in the beam can no longer be
neglected. Prerequisites: undergraduate level Electricity and Magnetism and Classical Mechanics. Some
Sfamiliarity with plasma physics, special relativity, and basic accelerator physics is recommended but not

required.

Objectives

This course is intended to give the student a broad overview of the dynamics of beams with strong space
charge. The emphasis is on theoretical and analytical methods of describing the acceleration and transport of
beams. Some aspects of numerical and experimental methods will also be covered. Students will become
familiar with standard methods employed to understand the transverse and longitudinal evolution of beams

with strong space charge. The material covered will provide a foundation to design practical architectures.

Instructional Method

Lectures will be given during morning sessions, followed by afternoon discussion sessions, which will
engage the student on the material covered in lecture. Daily problem sets will be assigned that will be
expected to be completed outside of scheduled class sessions. Problem sets will generally be due the
morning of the next lecture session. A final take home exam will be given on the second Thursday, and will
cover the contents of the entire course. Two instructors will be available for guidance during evening

homework sessions.

Course Content
In this course, we will introduce you to the physics of intense charged particle beams, focusing on the role of
space charge. The topics include: particle equations of motion, the paraxial ray equation, and the Vlasov
equation; 4-D and 2-D equilibrium distribution functions (such as the Kapchinskij-Vladimirskij, thermal
equilibrium, and Neuffer distributions), reduced moment and envelope equation formulations of beam
evolution; transport limits and focusing methods; the concept of emittance and the calculation of its growth
from mismatches in beam envelope and from space-charge non-uniformities using system conservation
constraints; the role of space-charge in producing beam halos; longitudinal space-charge effects including
small amplitude and rarefaction waves; stable and unstable oscillation modes of beams (including envelope
and kinetic modes); the role of space charge in the injector; and algorithms to calculate space-charge effects
in particle codes. Examples of intense beams will be given primarily from the ion and proton accelerator
communities with applications from, for example, heavy-ion fusion, spallation neutron sources, nuclear
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waste transmutation, etc.

Reading Requirements

Extensive class notes will be provided that will serve as the primary reference. (7o be provided by the
USPAS) "The Theory and Design of Charged Particle Beams" Second Edition, Updated and Expanded by
Martin Reiser, Wiley & Sons 2008.

Credit Requirements

Students will be evaluated based on performance: final exam (20 % of course grade), homework assignments

(80 % of course grade).
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Steven Lund
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Introduction
(related reading in parentheses)

Particle motion (Reiser 2.1)
Equation of motion (Reiser 2.1)
Dimensionless quantities (Reiser 4.2)

Plasma physics of beams (Reiser
3.2,4.1)

Emittance and brightness (Reiser 3.1
- 3.2)
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John Barnard
Steven Lund
USPAS

June 2008

ll. Envelope Equations

Paraxial Ray Equation

Envelope equations for axially
symmetric beams

Cartesian equation of motion

Envelope equations for elliptically
symmetric beams
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John Barnard

Steven Lund
Roadmap: USPAS

June 2008

Single particle equation with Lorentz force
q(E + v x B)
J

Make use of:

1. Paraxial (near-axis) approximation
(r << 1/Kgo @and x' =v, /v, << 1)

2. Conservation of canonical angular momentum
3. Axisymmetry f(r,z)
J

Paraxial Ray Equation for Single Particle

Next take statistical averages over the distribution
function

= Moment equations

Express some of the moments in terms of the rms
radius and emittance

= Envelope equations (axi-symmetric case)

Some focusing systems have quadrupolar symmetry
Rederive envelope equations in cartesian coordinates
(x,y,z) rather than radial (r,z)

28
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Figure 3.3. Schemaiic of conductor configuration with applied volt-

ages producing an alternating-gradient quadrupole electric field with
axial periodicity length 5. ‘

5g(8) , )
Full-Period §————
+'ﬁ‘1 Y
: S /4
f - —
0 S/2 5 3

mn5/2>\

Figure 3.7.  Alternating step-function model of a perindic
quadrupole lattice with filling factor 7 for the lens elements. The
figure shows & plot of the quadrupale coupling coefficient k,(s) ver-
sus 5 for one full period (S) of the lattice. Such a configuration

is often called a FODQ transport lattice (acromym for focusing-off-
defocusing-off).
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Figure 3.1, Schematic of magnet sets producing an alternating-
gradient quadrupole field with axial periodicity length 5.
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A. Axisymmetric
1. Solenoids
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1. Derivation of envelope equations with
elliptic symmetry

2. Current limit using fourier transform
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Periodic
Einzel lenses

+V

Figure 3.2. Schematic of magnet sets producing & periodic focus-
ing solenoidal field with axidl periodicity length S. In Fig. 3.2 (a),
guccessive coils are epaced by § and have the same current polarity
+I,+L, . In Fig. 3.2 (b), successive coils are spaced by 5/2 and
have alternating current polarities +I1, —I1, +T1, - -+
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Injectors and longitudinal physics -- |

1. Child-Langmuir Law
(Reiser 2.5.2, Appendix 1)

2. Pierce electrodes

3. Transients in injectors

4. Injector choices
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Figure 6.4: One cycle of intermittently-applied ears. (a) Initial phase space (b) Beam
expands (c) Ear Field is applied (d) Beam is compressed (e) Beam expands back to
its initial state
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CHAPTER 4. SIMULATIONS WITH MODULE IMPEDANCE

Electrostatic Potential on Axis vs z
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A simulation with 100 £2/m resistance shows moderate growth. (a) 6.6
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CHAPTER 4. SIMULATIONS WITH MODULE IMPEDANCE
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Figure 4.1: A simulation with 200 £/m resistance shows large
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Analytic Model for Halo Formation in High Current Yon Linacs

Robert L. Gluckstem o o ¢ BN
Physics Department, University of Maryland, College Park, Maryland 20742 ' _ ST
{Received B March 19594) : o : S
We construct an nzi}nuthnlly symmetric 21} mode! for halo farmation in high currént ion linacs. The
driving lerm, n “hreathing™ oscillation cuused by a transverse mismotch slong the linae, leads 1o growth -
* of ion amplitudes in the core through the parametric resonance. As the ion amplitude grows, its wave
number increnses, enhancing the resonance. This leads to the formation of 2 halo surrounding the core.
~ We explore the dependence of this mechunism on the tupe depression and the size of the mismatch.
* The mode! agrees well with simulations at Los Alamos, but does not yet include the effects of chaos
observed in the simulations as the tune depression becomes severe. o

PACS numbers: 41.85.—p, 20.17.+w, 20.27.Bd : : ' ‘ o o

1 L hureduction.—High curient, high dity factor ion

linacs have become increasingly attractive in recent years.
Among possible applications are heavy ion drivers for
thermonuclear energy production, production of’ tritium,
jnsmutation of radivictive wastes, and production of
ndioactive isotopes for medical use. ‘

- Obviously, it is desirable to accelerate the maximum
possible current in such linacs. Much work has been
done 1o explore the optimum transverse phase space dis-
tribution in such beams. In parlicular, the Kapchinsky-
Vindimirsky (K-V) distribution [1] is simplest to analyze,

- .| since this projection into real space has a uniform density
“:{-and therefore linear space charge forces. The stabilily
¥.of the K-V distribution has been analyzed and'approxi-

- mately ‘confirmed by numerical simulations. Neverthe-

‘less it appears that, particularly at high currents, the

| K-V and other equilibrium distributions evolve to ones
with rounded edges and tails. In many cases involving

high peak current, the distribution spins off a cluster of
particles in the form of a halo surrounding a dense core.
This halo is seen in simulalions as well as in actual linacs,

-such as LAMPF [2]. And efforts to remove the halo by
collimation have been largely unsuccessful since the halos

aimost always regenerate. o _ o
- It is clear that the hales will produce unacceptably high
levels of radioactivity in high current, high duty factor

°] linacs. For this reason considerable -effort has recently -

been deveted 1o exploring their detailed structure and un-

derstunding the mechanism or mechanisms by which the.

hatos are produced [3-6]. What has been learned is that

{ hlos are most likely to be produced at transition loca-

tions, such as where there atre discontinuities in frequency,

structure geometry, transverse focusing pattern, accelerat-
“ing pradient and phase, atc. | N -

In the present paper, we propose an analytic model

{ for halo formation which appears to reproduce the main -

features seen in simulations and in actval linacs. In
particular we consider a eircular cw beam with a K-V
core distribution and explore the motion of individual ions
pussing thraugh the core. Since energy trunsfer hetween

fons and the corc can luke place only if the core has a time -

. number of the transverse motion in the absence of space

- 0031-9007/94/73 (9)/1247(4)$06.00 .
-7 © 1994 The Americun Physicai Society |

dependent behavior, we consider the driving mechanism

to be a “breathing” oscillation of the core. We then
explore the resonant (parametric) interaction between the
breathing core and the ions oscillating about and through
the core. OF particular imporlance is the dependence of
the frequency of each oscillating ion on its amplitude,
which is related to the fraction of the oscillation for which
the ion is within the core. e L
In spite of the fact that the actual distribution will
have nonlinear felds, the use of a K-V distribution for
the analysis leads us to a very likely mechanism for the

~ development of the halo. In particular, the results provide

an explanation for the low density region around the core
which iz surrounded by a somewhat higher density halo
ring. ‘This explanation will probably still apply for other A
self-consistent distributions. - . o
JI. Model.—We consider an nzimuthally symmetric
K-V core of radius a for which the equation of motion .
of an ion is ’ '
) K az, r=a
. X! K =x{k§r2, r= a}'

(2.1
where the prime stands for d/dz, and k is the wave.
charge. The perveance of the beam, x = ef /2megmu?, is
a dimensionless parameter proportional to the current J,
where e, m, and v are the charge, mass, and jon velocity, ..
ind & is the permittivity of free space.- The equation for

y is identical 1o Eq. (2.1). O )

We now assume a core oscillation of wave number p of -

the form @ — a(l' — ecospz) and expand a~2in Eq. (2.1)
to first order in €, the relative oscillation amplitude. After | -
some algebra, Eq. (2.1} can be written as : ‘

R 3 a%\ SRR
g = ;I(I - -r—z)@(r -a).
+ ;;xcussz')(a -r,  (22)

where @) = 1,0 for « > 0,0 < 0 and where g =
JET = k/a? is the wave number ol oscillalions wilhin
the core, . S e

1247 .
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“xja = Asing, x'fa = gAcosy, w
.. plying A’singy + Aa'costyr = 0. Here 4 and o are taken
=" to be the slowly varying amplitude and phase parameters

- of the ion osmllanon Substituting into Eg. (2.4) and solv-"
~ ing for A’ and o’ we obtain :

' lA'A = -—;‘;;-----I:A2 sin l,lrcnsr,b — €a sm2|,(l cusp:_] {2.5)
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€x - : :
+ ZFrcuspz@(a - r).

. (2.3)
rst . terrn on the. rlght makes the osmllauon wave
numb depend on amphtude and the ‘second allows for
nsfer between the core and the oscillating ion.

(2.3), we construct o simplified model by setting L =
d invoking a pendulum model for the first term on the
right side of Eq. (2.3) by replacing r(1 — a/r)@(r — a)

by_r3 /a?, corresponding to the cubic nonlinear term for

pendulum.. (However, ils sngn is opposite from the

_'convenllonal pendulurm sinee, in our model, 'the wave

number increases with increasing amplitude.} In addition,

“we extend the driving term to all values of r. The
g mmpl:ﬁed equahnn forx is lherefore '

3

K X
"t gtk =

_ q x 2 + 2

We now use the phme—amphludc method by wrmng

where ¢ = gz + o, im-

x cospz., (2 4)

ol = q—[A2 sinfyr — 2ea” sin q’lcospc] (2.6)

We now average over all rapidly varying usmllatory terms

" with the exception of the one with wave number 2q -p

(lhe pammcmc resonance} and obtam

Al = 2q As1n1I' : (2.7)

(2.8)

_
=(2¢ p) qa,,

where ¥ = (2¢ — p)z + 2o is the phase of tl'us resonant

interaction. One then finds that an integral of the motion -
’exlsls enabhng us to write [7]

ccosV = A ~ —3-w-— £. ~(2.9)
8 w

where w = Azlal, A=glp — 29)a*/x, and ‘where the
intepration constant C is determined by the initial values

_ of w and 2Za. By fesomng to the envelope equalion we
" can show that p? = 4q + 2« /a® for the breathmg mode,
~ so that

8- 1+ T+ kg2 (‘.7“10)

“where g/k is the tune depression caused by the space

S 1248

Ino 'e.r to understand the role of the different terms in

charge. In Fig: 1 we plot ecos'lF vs " for ¢/k = 0.452.

A - 10,35, nndd various values of ¢ Fure {01, the plur
p!ol of w vs W is shown in Fig. 2. IU'is clenr thal Q-
is an unstable fixed point and that the origin and § we '
stable fixed points. Flgure 2 is equivalent to a “second
order stroboscopic plot” for integral values of pzf2a,
and contains the main fealures of the resonant interaction;

Specifically, all trajectories starling’ within the inner
separatrix (thick solid curve) bounded by Pand Q oscillate
in stable orbits while any Lrajeclory starling just oulside

will travel along the outer separatrix (thick dashed curve). -

For these particles, as the amplitude of motion grows
the true osciliation wave number increases, enhancing the

resonant lerm and focking {n t the resonance. And the -

presence of a thin distribution of trajectories near the outer
separatrix has the appearance of a halo in x — y space at
the radius coresponding to R in Figs. 1 and 2,

We. now drop the simplilied model and return to
Eq. (2.3). Alithough the algebra is far more complicaled

‘we eventually obtain a mmore accurate yersion of Eq. (2.9)

with a very similar set of curves lo those im Figs. 1 and
2. First we rewrite Eq. (2.3) for the variable 5 = rZ/a !

obtaining .
Nl L?
Ry (‘_ LT)_ - 2 - net -
: B 4—5(:05[12@(1 —3).
@.11).

Gulded by lhe parametrization ol' the x and y molions

separately, the amplilude-phase paramelrization of the
two-dimensional oscillation is writlen as _
2 2 1 _ oy . -

P ZJ;.L W 2u-L cos{2gz + ). .(.2.12)

Here w and y are slowly varying amplitude and phase

parameters which would be constant if the right snle of

Eqg. (2. II) vanished, We now write
Dot L3

s'=gq
and use Eq {2.11) and thf.-. required connection between

sm(Zqz + 7) (2 13)

w' and " implied by Eq. (2.13) to obtain explicit expres-

sions [or wf and %', We then nvernge over oscillutions of

(Ecos¥
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‘whcre flw) = (w* + L2 )/lw
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T35E a.

FiG. 2 Pular plo{ of w vs I for lhe trajectories cnrrespnndmg
o the puramctric resonance usmg A=1035¢=0 l and the
simplified model.

n]l wave numbers except 2g — p, being careful to include

‘the step functmns a5 we obtain these averages. The final

equations for w! and W ¥ ('3:7 — pYz+ ] are simi-
fr Lo Egs. (2.7) and (2.8) nnd again lead to an integral ol

| the. rnouon. which now is

a(l — h)Ecus‘F fA—-t=0C, (2.14)

glw) = (w? ~ L3)/2w,
Here )

wh(w) = tlln—l[f'/ (1- 1+ 3(1 - N/
for w = 1 and £{w) = /(w —‘])(w‘— L3 /w. Also

: | ) w' : . ~ ¢
t{w) =; f] %‘;[(sz — f)an 1(]___7)

PR G 11

for w = 1, and'llr(wl) ="H{w)=10 for w = 1." The arc-
fangents are loken to be in'the first or second quadrant.

(2.15)

(2.16)

The term in b{w) comes from the amplitude dependence .

of the ion wave number. A more accurate expression for
b{w) can be obtained, 1f necessary, by soivmg Eq (2.6)

“with e = 0.

Since the resonance will have its greatest effect when
L = 0, corresponding to ion orbits which pass through the
core cenler, we present piot of ecos'W vs w for A = 035
and L = 0in Fig. 3. The patlern of curves is very similar
fo that in Fig. 1, and the w, ¥ polar plot in Fig. 4 for
e = 0.1 has the same lopology as for the simple model in
Flg 2, as is also the case for L # 0. But the scale for w
is uboul 7 times larger, corresponding to a detuning with
amplitude aboutl 7 limes smaller than lhul miven by Lhe
3/8 factor in Eq. (2.14).

JII. Distribution of L in a symmetric K-V beam. —The
distribution in L for a K-V bedm is proportional to

- the presence of the resonant interaction.

Ecos ¥

] s .
MY
-8.2
FIG. 3. Plot of ecos'V s w fm' the exact rnudel with A =
035 L =40 g

f@~ffffﬂ@ﬁ@w@¥f'

2 7 .
+ (:c’_? + Q’l - az)ﬁ(x'y - xy' — Lga®).
q= q*
(3.1)

We ﬁrsl do 45° rotations frorn the x/a, y'/qa space to the ,

“u, u' space and from the y/a, x'/qa space to the v, v

space and follow ths by integrating over the polar angles
in the v’ and ve' spaces. This leads to
_ L)

sy~ [Tas [ arr'a(s+:—1)a( -
| e

S,{l, 2|L|<1l}
0, 2Ll >1

> wheres =u? + (v)and ¢ =v? + («')? are both positive.

Therefore the distribution in L for a K-V beam is uniform -
from L = —1/2 to L = 1/2 and vanishes for |L] > 1/2.
IV. Implications of the model.—Since the breathing
K-V beam is a solution of the Vlasov equation, particles
within the core will continue to remain there, even in

-1
T -z

=3

FIG. 4. Polar plnl of w v ¥ for the trajectories cnrrespondmg
to the parametric resonance using A =035, L =0, e = 0!
und the exact mode]
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some other mechanism moves the particle outside the
" core, particularty Lo an oscillalion amplitude exceeding
that corresponding to the points # or ¢ in the figures,
-4 halo will develop at a radius corresponding to point
R in the figures. The most likely mechanism to do
‘this is ‘an instabilily associaled wilh a nonlinear density
perturbation. In addition, simulations show that chaetic
motion develops near point @ in the figures for a
large amphlude breathing mode at high current, enab!mg
particles in the core o populate the halo,

V. Summary and discussion.—We considered a sym-
metric K-V beam undergoing & breathing mode and found
that the parametric resonance (2g = p) is a vehicle for
particles to leave the core of the beam and pcrforrn ex-
cursions to large amplitude, forrmng a distribution in real
space in the form of a hale. In this calculation, we ne-
glected the éffect of high frequency terms, and the ef-

‘fect of other possible resonances and driving oscillations.

. Thus our model; which successfully describes a mecha-
‘nism by which halos can and probably do form, is only an

- approximation to 1 much more complicated situation.

~ We have comipured our predictions with some prelimi-
~nary simulations performed for L = 0 by Wangler [8],
“dnd find that, for tune depressions from g/k = I to 0.6,

" the topology of the stroboscopic plot resembles Figs. 2

- and 4 very closely. For tune depressions below 0.6, the
stroboscopic plot shows the onset of chaotic behavior in
“'an ever widening band near the inner separatrix as the

tune depression deepens. Particles inside but near to the

- inner separatrix are then able to move oulside the inner
~ . separatrix and pammpate more easily in the developmem

" of the halo.

Wungicr 8 qtmulmanm u';mg i K V heam [8! confirm

' 'that core ions always remain within the inner separatrix.
It is quite possible for core ions to lie outside the
" equivalent inner separatrix for nonuniform eqml:bnum

charge den51ty distributions. We therefore expect the halo
“mechanisms in the present model to apply to non-K-VY
Lagniel's simulations [6] give similar -
results, showing the onset of chaos for high space charge

beams as well.

_ as well as the similarity wnth the three-body astronomical
problem .

G280

Our presenl model is unnble 1o describe mlhe.r dlffuswn :
or chaos in the w, ¥ phase space. 1f we were to fy.
to do so we would have to include the m:glecled high
frequency terms, a5 well as resonances other (han the ons
corresponding (o the parametric tesonance. Integrals of
the motion corresponding 1o Eqy. (2.14) would 1o !unger_
be valid. Descriptions of (he growth of halos lnc!udlng\
the effects of chaos and diffusion will require furlher.
analysis and/or extensive numerical simulntions, |

The auhor would like to thunk Alex Drgt, l]qh'
Jameson, Pieme Lapostolle, Ron Ruth, Rob, Ryne, Fred |
Skiff, and Tom Wangler for several helpful comments,
He is also indebted to Dan Abell for performmg the
calcu]nuons leading 1o Flgs 1-4.

[1] See I.M. Kopchinsky, Theary of Resonanie  Lincar
Accelerators (Harlord ALnLIan. Pruss, New' Yuxk IDHS}.
p. 24711,

[2] R.A. Jemeson, Los Afamos Report No: LA-UR-93-1209
{unpublished). Jameson describes the early observations
of emittance growth and halo production, with purticular
reference to LAMPF simulations and observations.

{3] M. Reiser, in Proceedings of the 1991 Particle Accelerator
Conference,- San anctsco, California, (unpubhshed)
p. 2497, : '

4] A. Cucchetti, M. R::xser. and T Wangler, in Proceedings
of.the 1991 Pm‘tlclc Accelemtor Confercnca (Ref 31

p-35L
['i] 1,8, OC'unm.Il T. P Wl[l(..lLl'. RS, Mills; and KR,
" Crandull, in Proceedings ol the 1993 Particle Accelerator

Conference, Washington, D.C. (unpublished), p. 3657.

6] 1. M. Lagniel, Nucl. Instrum, Mclhuds Phys. Res SecLA
345, 46 (1994).

171 “This result ean also be obtained using a contact transfor-
mation, Tollowed by neplecting rapidly oscilluting Levms,
In fact, the transformed Hamiltoniun in the canonica)
variables w and ¥ is H = (K/qnz)[we cos¥ — Aw +
In?/8l s -

18] Tom Wangler (pnvnte communication).
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